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We give a criterion of integrality of an one-dimensional formal group law in terms of congru¬ 
ences satisfied by the coefficients of the canonical invariant differential. For an integral formal 
group law a p-adic analytic formula for the local characteristic polynomial at p is given. We 
demonstrate applications of our results to formal group laws attached to L-functions, Artin- 
Mazur formal groups of algebraic varieties and hypergeometric formal group laws. 


1 Introduction 


Let Rhe a. commutative ring with the identity. A formal group law of dimension 1 over R is a 
power series in two variables F{x, y) G yj satisfying the conditions 

F(x, 0) = F(0,x) = X, 

F{F{x,y),z) = F{x,F{y,z)). 

A formal group law is said to be commutative when F{x,y) = F{y,x). For two formal group 
laws Fi and F 2 over R and a ring R' D R, a homomorphism h G Hom/j/(Fi, F 2 ) is a power series 
h G such that h{Fi{x,y)) = F 2 {h{x), h{y)). An invertible homomorphism is called an 

isomorphism. An isomorphism h is called strict if h{x) = x modulo degree > 2. 

From now on we assume that i? is a characteristic zero ring (i.e. i? —)■ i? 0 Q is injective). 
In this case every formal group law F G R\x, y] is commutative and strictly isomorphic over 
i? 0 Q to the trivial formal group law Ga(x,p) = x + y. The unique strict isomorphism 
/ G HomRig,Q(F, Ga) is called the logarithm of F. The logarithm satishes 

F{x, y) = f~\f{x) + f{y)) (1) 


and can be written in the form 


/(^) = 

71=1 


bn- 


71 — 1 77 

- X 

n 


( 2 ) 


with hn & R, = 1. The shift in indices (&n-i instead of V) looks more natural in the view 
of the fact that f'{x)dx = Yl^=obnX'^ dx is the canonical invariant differential on F ([2],[I1 
§5.8]). We shall characterize those i?-valued sequences {hn]n > 0} which arise as sequences of 
coefficients of canonical differentials on one-parameter formal group laws over R. This question 
is trivial when R = R®Q, in which case any sequence {bn]n > 0} yields a formal group law 
over R by formulas ([I]) and ([2]). 

Fix a prime number p and assume that R is equipped with a pth power Frobenius endo¬ 
morphism a : R ^ R (i.e. cr(r) = mod pR). We extend a to polynomials R[x] and power 
series i?|x] by assigning a{x) = x^. Our hrst result (Theorem [T] below) gives a necessary and 
sufficient condition for the sequence {V; u > 0} under which p doesn’t show up in the denomi¬ 
nators in ([T]). In order to state this criterion we need to dehne a transformation of the sequence 
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{bn]n > 0}. For a non-negative integer n we will denote by ^{n) = min{s > 1 : n < the 
length of the p-adic expansion of n. For two non-negative integers n, m we denote by n * m 
the integer whose p-adic expansion is the concatenation of the p-adic expansions of n and m 
respectively, that is n * m = n -|- Notice that n* 0 = n and i{n * m) = £{n) i{m) if 

and only if m > 0. 

Definition. Let {bn;n > 0} be a sequence of elements of R. The p-sequence associated to 
{bn]n > 0} is the sequence of elements of R given by 

n = ni * ... * ri)^ 
ni > 0, 712 , • ■ ■ ; '^fe > 0 

for n > 0, where the sum runs over all possible decompositions of the p-adic expansion of n 
into a tuple of p-adic expansions of non-negative integers. 

The original sequence {bn',n > 0} can be reconstructed from its p-sequence, hence any R- 
valued sequence can occur as a p-sequence associated to an i?-valued sequence (see Section [2] 
for details). To author’s knowledge, p-sequences were first introduced by Anton Mellit in [5] 
motivated by the result which we will reproduce later (Proposition 0] in Section 02]) in a slightly 
more general form. 


Theorem 1. Let R be a characteristic zero ring (i.e. R^ R^Q is injective) endowed with a 
pth power Frobenius endomorphism a : R ^ R (i.e. a{r) = r^ mod pR for every r E R). Let 
{bn, n > 0} be a sequence of elements of R with bo = 1. Put f{x) = The formal 

group law F{x, y) = f~^{f{x) f{y)) has coefficients in R® Z(p) if and only if the p-sequence 

{cn;n > 0} associated to {bn,n > 0} satisfies 

Cmpk-i ^ P^R for all m > 1, k > 0 . (3) 


The reader may notice that the statement of the theorem is trivial when p is invertible in 
R, in which case R ® Z(p) = R ® Q. Since r\p{R 0 Z,(p)) = R, the following global criterion 
follows immediately. 

Corollary. Let R be a a characteristic zero ring endowed with a pth power Frobenius morphism 
for every rational prime p. Let > 0} 6e a sequence of elements of R with bo = 1. In 

the notation of Theorem\J\ we have F{x,y) G i?|a:, p] if and only if for every p the respective 
p-sequence {c„;n > 0} (it is a different one for each p) associated to {bn,n > 0} satisfies (|3|). 

We prove Theorem [1] in Section [2l The proof is based on Hazewinkel’s functional equation 
lemma (P §2.2]). By P Proposition 20.1.3] every formal group law over a Z(p)-algebra is of 
functional equation type. In our case it means that F{x,y) has coefficients in i? 0 if and 
only if there exists a sequence of elements ^ 1 ,^ 2 ,... G R® Z(p) such that the series 

-| 00 

g{x) = f{x) - {(T^f){x) (4) 

T s=l 

has coefficients in i? 0 Z(p). Such a sequence {us; s > 1} is non-unique. Our proof shows that 
one of possible choices is given by Vg = ^Gr G R- 

From now on let us assume that R is the ring of integers of a complete absolutely unramified 
discrete valuation field of characteristic zero and residue characteristic p > 0, equipped with 
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a lift (j : i? —)■ i? of the pth power Frobenius on the residue held R/pR. In this case one can 
construct the shortest possible functional equation (|1]) for the logarithm f{x) of a formal group 
law F{x,y) G Rlx,y}. Namely, suppose we have any functional equation (|1]) and let 

h = inf{s >1 : G R^} . (5) 

If h = cxo then f{x) G -R|x] and hence F is strictly isomorphic to over R. li h < oo then 
there exist unique ai,..., ah-i G pR and ah G R^ such that 

1 . ^ 

f{x) - - X] • (^"/) {x) G i?|x] . 


The Eisenstein polynomial 


h 

T^(T) = p - G R[T] 

i=l 

is called the characteristic polynomial of F{x,y) and h is called the height. Two formal group 
laws over R are strictly isomorphic if and only if their characteristic polynomials are equal (0 
Proposition 3.5], [H Theorem 20.3.12]). By convention, we put Ti?(T) = p if h = oo. 

In the case when the residue held is hnite {^fR/pR = q = p^) the above dehned height 
coincides with the height of the multiplication by p endomorphism [p\p of the reduction 
F{x,y) G Fg|a:,|/]. However shall not be confused with the characteristic polynomial 

of the Frobenius endomorphism ^-p^x) = x^. When R = hp then aJ^^'^piT) coincides with the 
characteristic polynomial of but in general the relation between these two invariants is more 
subtle (see [U §30.4, Remark 18.5.13]). 

The following theorem describes congruences satished by the coefficients of the logarithm 
of an integral formal group law and provides a p-adic analytic formula for the characteristic 
polynomial. 


Theorem 2. Let R be the ring of integers of a complete absolutely unramified discrete valuation 
field of characteristic zero and residue characteristic p > 0, equipped with a lift a : R ^ R of 
the pth power Frobenius on the residue field R/pR. Let F{x,y) G R|x,p] be a formal group 
law of height h. When h < oo we denote by 4/i?(T) = p — Yli=i ^ -^[^] characteristic 
polynomial of F. We write the logarithm of F in the form 

OO , 

log^(x) = '^^x^, 

n=l 


where n>f)} is a sequence of elements of R with b^ = 1. 

(i) If h = oo then oTdp{bpn_i) > n for all n. 

Tl 

If h < oo then oTdp{bpn_i) > n — [—J with equality when h\n. 

(a) When h < oo, consider elements fin = £ R- have 


k-l 

IIkh = Yl(^"'^{fIh) modp. 

i=0 
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(in) When h < oo, consider for every k > 1 an h x h matrix with coefficients in R given by 


Dk 




with 


0<i,j<h-l 


-n 


0 , j <i or j = h — 
1 , i < j < h — 1. 


We have that det Dk = (—1)^ ^ 7 ^ 0 mod p and 


/ Oi/p \ 


^ (dkh ^ 


(^ 2 /p 


jdkh+l 


Oih-xlv 

\ ah J 

^ Dk^ 

ldkh+h—2 
\Pkh+h-l / 

mod p*^ 


( 6 ) 


For example, it follows from (i) that the height is equal to 1 if and only if p /f 6 p_i. In this 
case we have that p j{hpk_i for all /c > 1 and there exists a unique unit ai G such that for 
every k>l 

hpk_i/a{hpk-i_i) = tti mod . (7) 

The characteristic polynomial is given by d/p{T) = p — aiT. 

In the case of height 2, we have oTdp{bp 2 k_i) = k and ordp( 6 p 2 fc-i_;^) > k for all k by (i), 
and (hi) gives us the following formulas for the coefficients of the characteristic polynomial 
f{T) = p — afT — a2T‘^'- 



IP pk 

1 <^(^^ 2 ^- 1 ) 

\ P'" 


0 '^(fep 2 fc- 2 _i) 

pfc— 1 

o-^(bp2k-l_i) 

pk 


^ / fep2fc-l \ 

I . I 

1 yfc+i-i / 

\ pk + l / 


mod p^ 


or, equivalently. 




Oi2 


<j‘^(hp2k-l_i) bp2k_i — 0'‘^(f)p2k-2_i) bp2k+l_i 

O' {bp2k-i {bp2k-i _i) — o'(bp2k_i)o'‘^{bp2k-2_i) 

1 0'{bp2k-l_l) bp2k+l_l — 0'(bp2k_l) bp2k_l 

P 0'(bp2k-l_i)0''^ (bp2k-l — 0'(bp2k_i')0''^(bp2k-2_i) 


mod p ^, 


mod p^. 


( 8 ) 


We prove Theorem [2] in Section [3l Section 0] is devoted to applications of our theorems. 
We start with formal group laws attached to L-functions. In this case the p-sequence recovers 
coefficients of the respective local L-factor at p and there are hnitely many non-zero congru¬ 
ences ([3]) to be checked. In Section 14.21 we show that Theorem 0] implies integrality of certain 
Artin-Mazur formal groups arising from cohomology of algebraic varieties. In this situation 
Theorem [2] is useful for computation of eigenvalues of the Frobenius operator on the respec¬ 
tive crystalline (or Aadic) cohomology group. In Section IT3] we give a criterion of integrality 
and compute local characteristic polynomials of hypergeometric formal group laws generaliz¬ 
ing the results in |3]. Here again the criterion in Theorem [T] can be reduced to hnitely many 
congruences. 

Acknowledgement. The criterion of integrality (Theorem [1]) was initially conjectured by 
Eric Delaygue during our correspondence. I would like to thank Eric for numerous fruitful 
discussions of the subject. I am also grateful to Piotr Achinger and Susanne Muller, whose 
remarks helped to improve the exposition. 
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2 A criterion of integrality of a formal group law 

This section is devoted to the proof of Theorem [TJ We recall that i? is a ring of characteristic 
zero endowed with a morphism a G End(-R) satisfying a{r) = mod pR for any r & R. We 
extend a to a pth power Frobenius morphism of i? ® Q by Q-linearity and further to the ring of 
power series in x with coefficients in i? ® Q by assigning (t{x) = x^. For a sequence {6„; n > 0} 
of elements of R the respective p-sequence was dehned as 

(-1)'-' ' • • • ' • (9) 

71 = rii * ... * 

ni >0, 712 7 • • • 7 '^fc ^ 0 

When k = 1 we have n = ni > 0 and the condition n 2 ,..., > 0 is empty. This is a hnite 

sum because k < i{n). We will start with discussing some properties of p-sequences. For small 
indices we have 


Co — ^0 ; Cl — 6i , . . . , Cp_i — bp_i , 

Cp = bp - boa{bi), Ci+p = bi+p - 6icr(6i), ... 

Cp2 bp2 6q (T{bp ^, Ci_|_p2 6i_|_p2 b\ (ribp ^, ... 

Cp+p2 = bp+p2 - 6oc-(fei+p) - 6pCr^(&i) + 6oc-(6i)a^(6i) , ... 

One can easily notice that the original sequence {bniU > 0} can be reconstructed from its 
p-sequence > 0} since the right-hand side of ([9]) is the sum of bn and an expression 

containing only bk with k < n. 

Lemma. We have bo = cq and 

bn = • ... ■ 

n = rii « (. . . » (nfc_i » n^) . . .) 

Tlfc > 0 

for every n > 0. 

Proof. Observe that 

Cn = (-1)'^-' bn, ■ ) ' • • • ' 

71 = Til * ... * riff, 

rii > 0, 7i2 ) • • • ) njf. > 0 

= bn- ^ c„i • , 

71 = Tlj^ * 712 

712 > 0 

and therefore 

bn = Cn + ^ Cn, ■ (T^^''^\bn2) 

71 = 71 * 712 

712 > 0 

= Cn+ Y1 C„3 ■ a'("l)(CnJ ' (^na) 

71 = 71 * 712 ^ = ''^1 * ('^2 * ^3) 

712 > 0 ^3 > 0 

... 5 

which yields the statement of the lemma by iteration. □ 
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In what follows we will often use the following relation between the p-sequence and the 
original sequence, which we extract from the proof of the above lemma: 

bn = Cn + ^ Cni • . (10) 

n = ni * 712 
712 > 0 


Proof of Theorem [11 <^= Assume that ([3]) holds, so we have 

Cmpk-i G p^R for all m > 1, A: > 0 . (11) 

For s > 1 consider elements Vs = which he in R due to oa. Consider the power 


series 


'^dnX^ = f{x) - {(T^f){ 


X) 


( 12 ) 


n=l 


s=l 


For each n, write n = mp^ with A: > 0 and {m,p) = 1. If A: = 0 then dn = € -R (8) ^(p)- If 

A; > 0 we have 

1 1 . ^ ^ 1 
dn rbmp^—l ~ ' Z 7 *^ ibmp^~'^ — l) 

mpK ^ p L—^ mp'^~^ 

2=1 


mp^ 

1 

mpk 


y. ybmpk — l ^ ^ • O' (bjj^pk —I_i'j 


2=1 




m = 771 * 771 


where the sum is over all possible decompositions m = m! + m''p^b^''^ with m' > 1. If m = 1 the 
sum is simply 0. If m > 1 then we have G p^R for every term in the sum due to oa. 

and therefore dn & R® Z(p). We proved that flT^ is a series with coefficients in i? (g) Z(p), and 
therefore F{x^ y) has coefficients in the same ring by Hazewinkel’s functional equation lemma 

m §2.2]). 

^ Suppose F{X,Y) has coefficients in R ® Z(^py By [H Proposition 20.1.3] every formal 
group law over a Z(p)-algebra is of functional equation type. This means that there exist 
elements ^ 1 ,^ 2 ,... G R® Z(p) such that the series 


^dnX^ = f{x) - -^Vs- {(T^f){x) 


n=l 


s=l 


has coefficients in i? 0 Z(p). Formulated in terms of the initial i?-valued sequence {6„} this 
functional equation means that for every A: > 0 and m > 1, m not divisible by p, we have 


- Yp‘ ep‘‘ 


(13) 


s=l 


Let’s first prove that Cpk_i G p* ^R for all A: > 1. We shall first prove that 


k-l 


Cpk_i = p^ ^ Vk + p^dpk — o'^{cpk-i_i) p" dpi. 

2=1 


(14) 
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For k = 1 this formula follows from 6p_i = Cp_i = Ui + pdp. We will now do induction in k. 
Subtracting the two expressions 

hpk_i = Cp-ia{hpk-i_i) + Cp2_ia‘^(hpk-2_i) + ... + Cpk_i 

and 

hpk_i = via{hpk-i_i) + pv2(j‘^{hpk-2_i) + ... + Vk + p^ dk 

(coming from fllUp and fll3p respectively) and using fll4p for all indices smaller than k we obtain 
that 

k-l 

Cpk_i - p^~^Vk - p^dpk = '^{p"~^Vi - Cpi_i) a\bpk-i_i) 

i=l 

k—1 i—1 

= '^(y-p'dpi + a\hpk-i_i) 

i=l j=l 

k—1 k—i 

= -^p'dpi{a\hpk-i_i) - 

i=l j=l 

k-l 

= -^P'dpia\cpk-i_i) , 
i=l 

which proves flT^ for this k. The fact that Cpk_i G p^~^R® Z(p) follows from flTTp by induction 
on k. It remains to observe that R fl {p^R <8) Z(p)) = p^R for every k. 


So far we proved flTip with m = p for all k. Now consider the case of m > 1 not divisible 
by p. Suppose that for some fc > 0 and for all such m we knew that 


^mpk — l Cp_i * 1 —l) Cp2_]^*Cr (J^rnpk—‘^ — l) • • • ^pk — 1 * CT (6^_]^) 


E 


—1 * ^ 


k^i(m') 


(l>n 


(15) 


m = m * m 


m! > 1, m" > 0 


belongs to p^R. Then flTip for this k would follow by induction on the length £{m). 

It remains to prove that the left-hand side in fllSp belongs to p^R. Since it obviously 
belongs to R and R fl {p^R <8) Z(p)) = p'^R, it is enough to show that the left-hand side in flT^ 

belongs to p^R 0 Z(p). Consider f{x) = the p-typical formal group law 

F{x,y) = /“^(/(x) -|- fiy))- Observe that F has coefficients in i? 0 Z(p) because we have the 
functional equation 

... OO OO 

/(^)-X] /) (^) = X] dpk xP'. 

ByO Theorem 16.4.14 and Remark 16.4.15] F is isomorphic to F over R®'L(j,y Observe that 
we have another functional equation for /: with = ^fr ^ R one has 

^ OO 
^ S = 1 


Since F and F are isomorphic, by part (iii) of Hazewinkel’s functional equation lemma we must 
have that the coefficients of the power series /(x) — ^ f){.x) also he in i? 0 Z(p), 

which is precisely what we wanted to prove. □ 
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3 Computing local invariants 

In this section R is the ring of integers of a complete absolutely unramihed discrete valuation 
held K of characteristic zero and residue characteristic p > 0, equipped with a Frobenius 
endomorphism a : K ^ K which is the lift of the pth power endomorphism on the residue held 
R/pR. The valuation is denoted by ordp : iF —)■ Z U +oo. 

Let {vs] s > 1} be a sequence of elements of R and g & x + be a power series. The 

functional equation 

OO 

g{x) = f{x) - '^Vs{a"f){x) 

^ S = 1 

allows one to recover f{x) G x + Hazewinkel’s functional equation lemma tells us 

that the formal group law F{x,y) = /“^(/(x) + f{y)) has coefficients in R ([U §2.2 (i)]). 
Moreover, since i? is a Z(p)-algebra, every formal group law over R can be constructed this way 
m Proposition 20.1.3]). Two formal group laws with the same {ns;s > 1} and diherent g{x) 
are strictly isomorphic over R ([1] §2.2 (ii)]). Conversely, if a formal group law over R satishes 
a functional equation with some {n^; s > 1} then every formal group law strictly isomorphic to 
it over R satishes a functional equation with the same {vs]s > 1} but diherent g{x) ([H §2.2 
(ii) and (in)]). 

Honda (H.D §20.3]) gave the following method to describe all sequences {vg^s > 1} with 
which a given formal group law F{x, y) = /“^(/(x) + f{y)) G i?|x, y\ satishes 

OO 

f{x) -(a7)(x) G Rlxj. (16) 

^ S=1 

(As we just explained, the set of such sequences corresponds to the strict isomorphism class 
of F.) Denote by iFo-|T] the ring of ’non-commutative’ power series with coefficients in K, 
where the multiplication satishes Ta = a{a)T for a E K. We put the word non-commutative in 
commas because this ring is commutative whenever a is the identity endomorphism, e.g. when 
K = Qp. We denote by i?o-|T] C iFo-|T] the subring of power series with coefficients in R. 
With ffTHjl one associates an element Pv = P — '^sT^ ^ Then every other sequence 

v' = s > 1} with which flTHD also holds comes as where 9 E 1 + RalTjT. 

The height of F{x, y) can be computed as 

h = inf{s > 1 : Vg E R^} (17) 

and is invariant under strict isomorphisms. If h < cxo, then by the formal Weierstrass prepara¬ 
tion lemma (m Lemma 20.3.13]) there exist a unique power series 6 E 1 and elements 

«!,..., ah-i E pR, ah E R^ such that = P — Yl!i=i opT''. The Eisenstein polynomial in the 
right-hand side of this expression is the characteristic polynomial of F{x, y). It was denoted by 
Ti?(T) in Section [U The strict isomorphism classes of formal group laws of hnite height over 
R correspond bijectively to such polynomials ([II Theorem 20.3.12]). 

Proof of TheoremlE Let {c„;n > 0} be the p-sequence associated with {6„;n > 0}. By Theo¬ 
rem [T] we have Cpa_i E p^~^R for all s > 1 and flTB]) is satished with the sequence Vg = ^ R- 

We can now rewrite dUD as 

h = inf{s > 1 : ordp(Cps_i) = s — 1} . (18) 

(i) Let’s denote = hpn_i/p^, = c.pn.-\lp^■ Dividing the identity 

hpn_l = Cp—l(j{hpn_x) -f- Cp2_lcR{hpn-l_l) -|- . . . -f- Cpn_l 
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(19) 



by p” we obtain 


fin — 1^1 + ^2 0'(/in-2) + ... + Kn-1 Ct"' + f^n ■ (20) 

When h = oo then Kn & R for all n dne to m, and therefore fin ^ R for all n by induction. 

From now on we assume that h < oo. We then have ordp(Kj) > 0 for i < h, ordp(K/i) = —1 
and ordp(«:j) > —1 for i > h. It follows that ordp(/ij) > 0 when i < h and ordp(/i/i) = —1. 

We will prove by induction that ordp(p„) > — [fj with equality when h\n. Suppose this 

inequality holds for all indices less than n. Then for 1 < i < h we have ordp(fi:j cT*(p„_j)) = 
ordp(fi:i) + ordp(p„_j) > 0 — > “LtJ strict inequality when h\n. For i > h we have 

ordp(fi:i cr*(/i„_i)) = ordp(Ki) + ordp(/i„_j) > -1 - where the last 

inequality is again strict when h\n. When i = h we have 

OTdp{Kh a^{fin-h)) = OTdp{Kh) + OTdp{fin-h) 

Summarizing the above we get that ordp(p„) > — [f J with equality when h\n, which proves the 
first part of the theorem. 

(ii) We have (3kh = V^l^kh- From (12U]) with n = h we find that pfih = pnh rnod p. Compu¬ 
tation in part (i) shows that modulo p 

k—l k—1 

p’^Pkh = Cr'"(/i(fc-l)/i) = {pKh){p’'~^ (T’^{fi{k-l)h)) = ... = Yl{p(j"’"{l^h)) = 

(hi) The characteristic polynomial provides us with the shortest possible functional equa¬ 
tion m where Vg = dg for s < h and n* = 0 for s > h. Therefore for every n > 0 

h 

p^ I hpr._i - aga\hpr.-s_i) . 

s=l 

Let’s consider the last congruence for n = kh + i where 0 < i < h and divide it by 

^ hpkh + i_-^ ^^ (y.g (7^ {h pkh+i —s 

^ ' j^k{h—l)+i / j p jjk{h—l)+i—s 

With the notation /3„ = hpn_i/p^~'^^'^ we rewrite the last congruence as 

I I3kh+i - •7\l3kh+i-s) with Pis ^ 

P p. i>>t. 

Substituting s = j + 1 and combining all congruences with i = 0,...,h — Iwe obtain 



^ fdkh ^ 


( «i/p \ 


(ikh+l 


d2/p 

p" 1 

f3kh+h—2 

— Dk 

... 

.c 


\/3kh+h-l / 


\ Oih J 


where is the matrix defined in the statement of part (iii). By (i) all /?„ G i?, hence all entries 
of Dk belong to R. Therefore it only remains to check that p /det(iPfc). The entries of are 
0 modulo p when eij = 1, that is when i < j < h — 1. It means that modulo p the determinant 


= -1-L^J = -LfJ whenh|n, 
> -1-L^J = -LfJ whenh/n. 


9 









is congruent (up to sign) to the product of the entries under the main diagonal, which are all 
equal to (J^{(3kh) for i = 1 ,..., h — 1, times the upper-right entry, which is equal to 
Using (ii) we obtain 

h-l 

detDk = (- 1 )"-' l[cT\/3kh) -a^P^k-Dh) 

i=l 

h—1k—1 k—2 

i=l j=0 j=0 


kh—1 

S=1 


□ 


4 Applications and examples 


4.1 Formal group laws attached to L-functions 

For the purposes of this paper, an L-function is a Dirichlet series 


n=l 




with integral coefficients a„ G Z, which has an Euler product 


i(s) = n 'PYp-'yY 

p prime 

where Vp{T) G 1 -|- TZ[T] is a polynomial for every prime number p. The Euler product is 
understood formally, that is we don’t care about convergence and the sequence > 1} is 

determined by the rules: 


amn = aman wheu (m, n) = 1, 

+ 7i(p) ap"-! + • • • + ld{p){p) aps-d = 0 where Vp{T) 


d{p) 


i=l 


( 21 ) 


(By convention, we assume ak = 0 when k ^ Z>i.) 

To an L-function one associates an one-dimensional formal group law over Q by the formula 

OO 

Fhix^y) = + f{y)), f{x) = '^ — x^. ( 22 ) 

n=l 


We shall now prove 

Proposition 3. For a fixed prime p, we have F G Z(p)|a:, yj if and only if 

Q{T)-.= pVp(^) G p + TZ[T]. (23) 

Assume that (El holds. If Q = 0 mod p then F is strictly isomorphic to Gq over 

Z(p), and otherwise the local characteristic polynomial Tp’(T) atp is equal to the unique monic 
Eisenstein factor of Q{T) in the ring Z,p[T] of polynomials with p-adic integral coefficients and 
the height h = degT^? is equal to the highest power ofT that divides Q{T) = Q{T) mod p. 
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The following lemma enables us to describe the p-sequence associated to the (shifted) se¬ 
quence of coefficients of an L-function. 

Lemma. Let {a„;n > 1} be a sequence of integers with ai = 1. Fix a prime number p. Let 
{cn]n > 0} be the p-sequence associated to the shifted sequence {6„ = a„+i;n > 0}. 

(i) We have 

Ompk = amCipk for all m not divisible by p and k >0 (24) 

if and only if 

Cmpk-i = 0 for all m > 1 not divisible by p and /c > 0. (25) 


(a) There is a recurrence relation of the form 

Opk + 7 i Opk-i + ... + jd ttpk-d = 0 for all k > 0 (26) 


with some d > 1 and integers 71 ,... , 7 ^ (where, by convention, 
and only if 


Cpi_i 


-li. 

0 , 


1 <i< d, 
i > d. 


0 when n ^ h) if 


Proof, (i) First we prove that (1251) follows from fl2T)) . Take any m > 1 not divisible by p and 
k > 0. We have 


^mp^ — l ^p—l^mp^ ^ — 1 T 


-f" Cpk_^ bjji_i -|- 






m = m * m 
m' > 1 , m" > 0 


(27) 


where the sum runs over all decompositions m = m' + pL^')m" of the p-adic expansion of m 
into a concatenation of p-adic expansions of two non-negative integers, of which m' is actually 
positive because fc > 0. The condition m' > 1 is then satished automatically due to the fact 
that m > 1 is not divisible by p. Since h^pi_i = hpi_ihm-i for i > 0 due to (l2T)l . subtracting 
from (1271) the equality hpk_i = Cp_i hpk-i_i -f ... -|- Cpk_i multiplied by hm-i yields 

^rn'p^ — 1 0 • 

m = m' * m" 

TYi > 1 , m" > 0 

If m had one p-adic digit the sum here would have just one term so we get 

Cmpfc_i = 0. Now (1251) follows by induction on the length ^(m) of the p-adic expansion of m. 

Suppose now that (125]) holds. When m = 1 or /c = 0 (12TD holds automatically. Take 
any m > 1 not divisible by p and fc > 0 and consider (127|) once again. The rightmost sum then 
vanishes due to (125|) since m' = m 7 ^ 0 mod p for each term. Therefore we get 

^mp^ — 1 —1 ^7npk~^ — 1 T . . . T* Cpk — ^ b^yi —1 . 

If A; = 1 we have bmp-i = Cp^ib^-i = For fc > 1 we proceed by induction: 

^mp^ —1 (Op —1 bpk—l — Cpk —]^) byyi —1 bpk — b^n—\ , 

which proves (1241) . 

(ii) follows immediately from the equalities Opk = Cp-iOpk-i + Cpk_iapk -2 Cpk_i for 

every k > 1 and oi = 1. □ 


11 


Proof of Proposition\^ Let {cn;n > 0} be the p-sequence associated with {bn = a„+i;n > 0}. 
By fl2T]l and part (i) in the preceding lemma we have c^pfc-i = 0 for every m > 1 not divisible 
by p and any k > 0. By fET]) and part (ii) in the preceding lemma we have Cpk_i = —jkip) 
for k > 1. Hence condition ([3]) in Theorem [T] is eqnivalent to for k > 1, which is in 

tnrn eqnivalent to fl23|) becanse Q{T) = p + The characteristic polynomial is the 

nnique Eisenstein factor of Q{T) by the constrnction reminded at the beginning of Section [31 
we have Q = rjv for the sequence v = [vt = * > !}• 

□ 


4.2 Artin—Mazur formal groups 

In | 6 ] Artin and Mazur associated formal groups to cohomology groups of algebraic schemes. 
In [7] Stienstra computed explicit coordinalizations of Artin-Mazur functors related to the mid¬ 
dle cohomology of complete intersections and double coverings of projective spaces. Stienstra’s 
formal group laws are integral over the base ring and coefficients of their logarithms are always 
given as coefficients of powers of a polynomial (see Theorems 1 and 2 in loc. cit.). 

Proposition 4. Let R be a characteristic 0 ring and V{x) G ..., be a Laurent 

polynomial. Assume that Newton polytope A(l/) C contains a unique internal integral 
point {tc} = A{F)° n Z™. Consider the R-valued sequence 

bn = the coefficient of in V{xY . 

Assume that R equipped with a pth power Frobenius endomorphism and let {c„;n > 0} be the 
p-sequence attached to {bn]n > 0}. Then one has 

Cn e (28) 


for every n > 0 . 

The proof was essentially given in [5l Lemma 1] and the generalization to rings with Frobe¬ 
nius endomorphism stated here is straightforward. Notice that congruences 0281) are stronger 
than (|2]). Therefore it follows from Theorem [T] that 
Corollary. The formal group law 

°° b 

Fv{x,y) = f~\f{x) + f{y)), f{x) = 

n=l 

has coefficients in R®'L{p) whenever we can equip R with a pth power Frobenius endomorphism. 

According to Stienstra, in case V(x) is a homogeneous polynomial this formal group law is 
a coordinalization of the Artin-Mazur formal group attached to the middle cohomology of the 
hypersurface of zeroes of V(x). Integrality of such formal group laws was established in [7], but 
our case is more general and methods are elementary. 

In [ 8 ] Stienstra proved a generalization of the Atkin and Swinnerton-Dyer congruences when 
R is of hnite type over Z. Such congruences allow one to establish isomorphism of Artin-Mazur 
formal groups and formal groups attached to respective L-functions. Let us demonstrate how 
Theorem [2] works in an example with a double covering. Consider a K3 surface X (called A! 
in 0 ) given by 

= ToTiT2(Ti - T2)(TiT2 - T^). 

According to a computation in loc. cit., for every p 7 ^ 2 the respective Euler factor of the 
L-function associated to H‘^{X) has the shape 

Vp{T) = {l-pTf\l + ApT F {-ly-^p^TY 
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where 


Ap — 


0 , if p = 3 mod 4 , 

2p — 4a^ , if p = 1 mod 4 (p = + 46^ ,a,b &Z). 

The conditions of Proposition |3] are satished since 

Q{T) = pVp{T/p) = (1-T)20(p + ApT + {-ly-^pT^) E Z[T]. 

By Proposition 13] the local characteristic polynomial of this formal group law at p is given by 


T(T) = 


if p = 3 mod 4 , 

aT, if p = 1 mod 4 {a‘^ + Apa+p‘^ = 0,a gZ^). 


(29) 


On the other hand, by [71 Theorem 2] the coefficients of the logarithm of a coordinalization of 
the Artin-Mazur formal group associated to are given by 


bn 


0, n odd, 

the coefficients of in (ToTiT 2 )^/ 2 (Ti - T 2 )"/ 2 (TiT 2 - , n even, 

0 , 4 /n, 

("JA, 4 |„. 

We apply formula (I7|) to obtain a p-adic analytic formula for the coefficient a G Z^ in fl29l) 
when p = 1 mod 4: 


b^k 


a = hm = hm 

k^oobpk-l_i fc^OO x) 


rvi)^ 

rp(f)‘ 


P+1 

(-1) — 

Tpd)^ 


= -rp(ir 


where rp(.) is the p-adic gamma function (see (TUI §IV.2]). It follows that 


Ap — 


a 


pa-^ = r,(i)4 + pr,(|)A 


'3n4 


4.3 Hypergeometric formal group laws 

Consider a hnite system of integral weights on positive integers 7 = { 7 ,^; > 1}. By this we 

mean that each 71, G Z and ju = 0 for all but hnitely many u. We assume that 7 satishes the 
condition 

5^z/7. = 0. (30) 

U>1 

Following m, we associate to 7 the sequence of rational numbers Un = > 0 . 

One has ordp(M„) = where 

^t) = 

V 

is the associated Landau function. This function is right-continuous and locally constant. 
Condition fl30|) implies that C{t) is periodic with period 1. It is named after Emil Landau who 
observed that the sequence {un;n > 0 } is integral if and only if 

C{t) > 0 for all t. (31) 

Let N = \ 7 ^, 7 ^ 0}. Assuming the integrality of {un',n > 0}, we will give a criterion 

of integrality of the rational formal group law given by 

00 Nn-\-l r 

F^{x,y) = f~\f{x) + f{y)), f{x) = ^ = j^UnX^^dx. 

n=0 ^ 
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Proposition 5. Suppose the system of weights 7 = > 1} satisfies conditions flHOl) 

and dnH). 


(i) For a prime p > N let d = min{m > 0 | p"* = 1 mod N} be the order of p in the 
multiplicative group of invertible residues modulo N. For each 1 < a < d let 1 < ma < N 
be the unigue number such that map'^ = 1 mod N. The coefficients of F^ are p-integral 
if and only if 

\a := OYdp(urnap^) > Q for each 1 < a < d. (32) 

(a) Assume (15^ is satisfied. If Xd-i = d — 1, the height of F-y at p eguals d and the local 
characteristic polynomial is given by 

dtpfiT) = p-iT^ with f nnrp(i -( 33 ) 

u a=0 

where 1 < [rrto\(^]s[/u) < N/u is the unigue number congruent to ma modulo N/u. If 
Xd-i > d then the height at p is infinite. 

(Hi) The numbers \a for 0 < a < d and hence the condition of integrality fl32|l and the height 
depend only on the residue class p mod N. 


Proof. We write f{x) = where bn = if iV | n and = 0 otherwise. Let 

{cn} be the p-sequence associated to {bn}- It is easy to see that c„ = 0 when N fn. We also 
observe that = bm^pa_i for each 1 < a < d. Indeed, since ma is the smallest positive 

integer with the property map“ = 1 mod N it is impossible to divide the p-adic expansion of 
map“ — 1 into two parts so that each part represents a nnmber divisible by N. The necessity 
of condition fl32p in (i) now follows from Theorem 1. 

We will prove that fl5^ is snfficient for p-integrality and simnltaneonsly prove part (ii). 
Assnme that fl32ll holds. Note that jnmps of C{t) happen at rational points whose denominators 
divide N. Therefore C{t) = 0 for 0 < f Using this fact and periodicity of C{t) we see that 


o^dp ^ bm^po. —1) 


- /maP“-lx 

i=l " i=l " 

ijl < maP^" i < a since < N < p) 


5:^( 


maP“ * - 1N I maP“ - 1 1 a-i 1 N 

-) (becanse [--J = maP — 1) 


i=l 


N 


p‘ 


(becanse ma=p‘^ “ mod iV) 


d—i 


i=l 


N 


Due to the periodicity of the Landau function this number depends only on p mod N as 
claimed in (hi). Same arguments yield ordp(6pd_i) = n~^ ) ~ 

OYdp(b„^^__^pd-l_lj, which is > d — 1 by 1152]) . 

Let k = a + sd with 0<a<d, s>0 and assume that m = ma mod N. For the rest of 
the proof we will need the following two observations: 

ordp(6^pfc_i) > ordp(6^^pfc_i) (34) 


and 


OYdp{bmpk-i) = soTdp{bpd_i) + oYdp{bmpa_i) . 


(35) 
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We prove flMj) as follows 

k-\-£{m)—l i’ 1 u /Tm ^ hi ^ h—i -i 

ordp(6^pfc_i) ^ C[ jY ) 


2=1 


2 = 1 


2=1 


m=ma mod N ^ ^ TIT'aP 1 

i=l 


N 




2=1 


For fl35|) we observe that 


k+e{m)-l j._- fc-(i+£(m)-l 

i=l j=l 


,k-d-j _ 

Iv 


) 


i=j+d 


Eh 


2=1 


mp^ * _ 1 

Iv 


) = E^( 


2=1 


pd-t _ ^ 

Iv 


) = ordp(6pd_i) 


When ordp(6pd_i) > d then fIM]) . fl5^ and fl5^ yield 

ordp(6^pfc_i) > ordp(6^^pfc_i) = sd + ordp(6m^pa_i) > sd + a = k, 

hence /(x) G Z(p)|x] and is strictly isomorphic to x + y over Z(p). 

It remains to consider the case ordp(6pd_i) = d — 1. Then by fl55]l we have ordp(6psd_i) = 
s ordp(6p<i_i) = s{d — 1). If were p-integral then by (i) in Theorem 2 the height would equal 
h = d and by (iv) in Theorem 2 the characteristic polynomial would equal tt'p(T) = p — 

with ^ G is such that ^ mod p^ for each s > 1. We shall show that, more 

generally, for k > d and m such that mp^ = 1 mod N one has 


— 1 


P ~^ — l 


= ^ mod p 


k+l—d 


(36) 


with the p-adic unit ^ given in fl33|l . Notice that fl36|l implies that ordp(6mp'=-i“^P'^~^^mp'=-rf-i) ^ 
(fc + 1 — d) + (d — 1) + oYdp{b^pk-d_i) > k for all k > d. Since for 0 < A; < d we also have 
ordp(6mpfe_i) > ordp(6mj,pfe_i) > A; by fl5T|) and (152]) . we obtain that 


f{.x) - -^/(x^") G Zp|x] 


and p-integrality of F^ then follows from Hazewinkel’s functional equation lemma. 

The proof of fl36|) is a routine calculation in p-adic analysis. The p-adic gamma function is 
dehned so that = (—l)”’''^rp(?7, + 1) for any n > 1. Observe that one has = 

6^ch i>l. With n = one has whenever i < d. We apply 

the above formula for the ratio of factorials d times with 0 < i < d and get 


wn] 


d-l 


p* [z/n/p'^J! 
where 


-i)''nr'p(n 


mpk ^ _ [mi](Ar/^). _ 


d-l 


i=0 


d-l 

E(i 


Njv 

mp^~^ - [rrii^N/y)- 




i=0 


\p^i\ {N/u) 

N/v 


) mod p 


fc+l—d 


i=0 


N/p 


) = d + ^Y.^rnp^ * 


d-l 


\m. 


]{N/u)) 


1=0 
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and we don’t need to care abont the power of p on the left in this formnla since we already 
know they will snm up to d — 1 in fl36|) . Condition implies that independent of 

the pair (m, k), so we can take it to be ( 1 , d) and get 


U U U 2=0 ^ 

= C^'lu)d + ordp( 6 pd_i) = C^'lu)d + d - 1 

V V 


V> 2=0 

= (72 + l)d — 1 mod 2 , 


which proves our claim. 


□ 


Using the above proposition we can construct formal group laws which are integral at 
infinitely many primes and non-integral at infinitely many primes. For example, consider the 
sequence of integers 

(15n)!n! 

7 / = - 

(3n)!2(5n!)2 ' 

One can easily check that conditions fl30p and 0311) are satisfied. Here = 15 and the respective 
formal group law is non-integral at primes p congruent to 7,11 and 13 modulo 15: 


p mod 15 

1 2 4 7 8 11 13 14 

height of Fly at p 

1 4 2 - 4 - - 2 
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